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This paper presents a novel procedure for tackling the problem of designing a low-cost multiple-
output switching circuit. The procedure starts by formulating this problem as that of solving a system
of Boolean equations. The solution sought herein is a particular solution, derived from a general
subsumptive solution, in such a way that it possesses a minimal form. Explicit expressions for the
circuit outputs are obtained whether the initial functions are completely specified or not. The
consistency condition needed in the Boolean-equation solution is shown to be identically satisfied.
Two detailed examples are given to illustrate the proposed procedure and demonstrate its efficiency
and power in the construction of a minimal multiple-output switching circuit. The proposed
procedure is applicable when the underlying Boolean algebra is general and not necessarily 2-valued,
and hence it is readily adaptable for use with multiple-valued logic.
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INTRODUCTION

The design of a compact combinational switching network with multiple outputs
is an important problem that frequently arises in logic design practice (Bartee 1961;
Muroga 1979; Sarje 1986; Chen & Twu 1995; Unger 1997). The first step in the
design process is that of specification, which is the statement of a relation between
the inputs X and outputs z. Such a relation can be presented in a variety of forms
including truth tables, Karnaugh maps, decimal notation or Boolean equations. The
specification is solved by finding a vector switching function F = (F}, F», ..., Fy)
such that the system z = F(X z) implies the specification. Note that the output
values z may depend not only on the values of the inputs X but also on those of the
outputs themselves. This recursive definition of z must be chosen in a way to avoid
feedback, eliminate possible oscillation and ensure stability. The total cost of the
formula expressing F should be as small as possible. Brown (1990) proposed a
procedure that produces a least-cost recursive solution of a consistent tabular

specification in the normal form g(z, X)= 1, or equivalently, g (z ,X) = 0. This

procedure formulates the problem of multiple-output combinational circuit design
within the framework of Boolean reasoning or Boolean-equation-solving techniques.
It leads to the construction of a network in which feedback and redundant variables
are excluded and for which the gate-input count is used as a cost measure. The
procedure is implemented through the utilization of an automatic Boolean-equation
solver.

The present paper is a further improvement of the aforementioned procedure of
Brown (1990) that relies on an initial application of the Boolean equation-solving
technique of Rushdi (2001). The key contribution of the present paper is to note that
when the problem of multiple-output logic minimization is formulated as one of
solving a system of Boolean equations, the solution is not a general solution, but is a
particular solution that satisfies certain minimality requirements. Therefore, we
deliberately avoid the construction of a general solution, thereby eliminating the
need for a subsequent effort to locate a least-cost particular solution. Instead, a
rigorous mathematical development of the minimal particular solution is directly
presented herein, leading to explicit or closed-form expressions of the various
outputs z. One of the outputs is shown to be expressed by its individual or separate
specification. Furthermore, the consistency condition needed for solving a system
of Boolean equations is shown to be identically satisfied. The paper addresses also
the case when the initial specification is incomplete. Two significant examples are
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worked out in detail to illustrate the present procedure, and to demonstrate its
efficiency and power in the construction of a minimal multiple-output switching
circuit.

The procedure is applicable when the underlying Boolean algebra is a general
one, and is not restricted to the case of the 2-valued or switching algebra which has
been used in the examples for illustrative purposes only. This means that the
procedure can be readily adapted to the design of multiple-valued logic (MVL)
networks (Triumalai & Butler 1991) by employing techniques for converting the
partial order in a Boolean algebra to the tofal order of MVL (Rudeanu 1974;
Woods & Casinovi 2001).

SUBSUMPTIVE GENERAL SOLUTION

Given a system of m equations specifying (possibly incompletely) the required m
outputs.

z, =F(X), 1< k < m, (1)
transform this system of m equations into the following equivalent system consisting
of a single Boolean equation:

g2z X )= ’\}j(z.@F.(X))=0, (2)
Jj=I J J

X=[X, X, - x T, (3a)

iz, z, vz gt (3b)

Note that g = B}""" — B, where B, = {0,1} can be viewed as a function of z
only of the form f(z)=g(z X), where f=B" —> B, and B is a “big” Boolean

carrier consisting of the 2” functions of the n variables X , which is partially ordered
in accordance with the inclusion operator ( <) (Brown 1990). Now, construct a
subsumptive general solution of the Boolean equation

g(%X)=f(z2)=0> (4)

Such a solution is obtained via a well-known classical technique, which is
formally proved in Rudeanu (1974), and whose details are available in many
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references (see, e.g., Hammer and Rudeanu (1968); Brown (1990); Rushdi (2001)).
A summary of this technique now follows. First, we construct the eliminants

fm(Z]’ZZ e Z ),...,fk(zl,z2,...,zk_1,Zk),...,
IRCIENNIEIYN )

by setting f, = f and using the recursion

fk_ﬁzpzzwwsz):Uk/Ek)ﬁ(ﬂi&k),
k=m,m-1,...,1. (6)

Note that f,_, is the conjunctive eliminant of f, with respect to the singelton
{z, }(Brown 1990). This means that f,_;, is a conjunction of the two ratios or
restrictions

fk /Zk:fk(Z]’ZZ""’Zk—]’O)’ (7a)
fk /Zk :fk (Z], 22, Zk_], 1), (7b)

obtained from f, by setting or restricting z, to 0 and to /, respectively. For short,
these two ratios will be denoted by f,(0) and f, (1), respectively.

The classical method for producing a subsumptive general solution proceeds by
successive elimination of variables, a technique transforming the problem (4) of
solving a single equation of m variables to that of solving m equations of one
variable each. The solution requires a separate consistency condition.

f0=0, (8a)

plus expressing each of the pertinent variables as an interval of functions of the
preceding variables, namely:

<
Sk(zl,zz,...,zk_] i _lk(zl,z2,...,zk_])

k=12,..m. (8b)

)<z
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where the s, and ¢, functions can be expressed as completely specified Boolean

functions. However, to leave room for further simplifications, they are expressed as
incompletely specified Boolean functions in the interval form (Brown 1990)

fk(0)7k(1) < Sk < fk(o)’ (%a)

L) £t < OV fr). (9b)

The form of the general solution above allows all the particular solutions of (4), and
nothing else, to be generated as a tree.

MINIMAL PARTICULAR SOLUTION

The solution expressed by (8) and (9) is a complete subsumptive solution. To
obtain such a solution in a compact form, Rushdi (2001) proposed that the
representation of the incompletely-specified Boolean functions s, and ¢, be

switched from the interval form of (9) to the don’t-care form
Sk = SO Fr(Dv d(f (0), (10a)

te = [k(DV d(f3 (0). (10b)

Since we are now not interested in the general solution as a whole, but are rather
interested in a particular solution that satisfies certain minimality requirements, we
switch the interval-form expression of z, in (8b) into the don’t-care form

z, = sk\/d(tk), (11)

which, when substituted in by equations (10), reduces to
2 = [ Of k(Dv A OV [ k(D). (12)

Note that while the asserted part of z, in (12) is a completely-specified switching

function, the don’t-care part is not unique (Rushdi 2001). Out of the many possible
choices of this don’t-care part, we opted for the “largest” possible don’t-care part,
namely, a don’t-care part that represents the complete sum of the asserted part ORed
with any acceptable form of the don’t-care part. This choice is very useful for our
minimization objectives (Rushdi & AL-Yahya 2000). As a bonus, it yields the
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simplest possible expression for z,. Now we state three new theorems which
facilitate the construction of solutions for z,, k=m,m—1,....1. Proofs of these
theorems are given in the Appendix.

THEOREM 1

fk= j\lZ](Zj (—BFJ-(X)), k=mm-1,...,1,0. (13)
THEOREM 2

fr() < [, k=mm—1,..,1. (14)
THEOREM 3

2 =fR(DV df . (0), k=mm=1,..1. (15)

In passing, we note that according to Theorem 1

so that

£10)=F1()=F)(X), (17)

and according to Theorem 3, z, is minimally expressed by

zp= S 1DV a(f(0)=F;(X), (18)

which means that the present solution for z, is exactly its solution obtained when it
is treated separately from the other outputs.

Furthermore, we observe that the consistency condition
fo= 1100 f1(1) = F)(X)F;(X)=0, (19)

is identically satisfied, and there should be no worry about it. The results in (18) and
(19) are satisfied by all the computer-generated solutions obtained by Brown (1990).
However, neither of these results has been noted before, because the earlier work of
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Brown (1990) opted for an immediate use of an automatic Boolean-equation solver,
thereby losing the insight that can be provided by some far-reaching preliminary
analysis.

THE CASE OF INCOMPLETELY SPECIFIED FUNCTIONS

If the functions F, (X ) in (1) are incompletely specified, they may be written in
the form

F(X) = GuX) v d(H,(X), (20)

where G,(X) and H, (X)are the asserted and don't care parts of F,(X),
respectively (Rushdi 2001).

The complement of F(X) is given by
i(X)=G_k(X)H_k(X)Vd(Gk(X))- 21
The solution z, in (15) can now be written as
z, = Asserted part of £, (1) v d(f, (0)), (22)

where the don’t-care part of Tk(l) is absorbed in d(f,(0)),by virtue of (14). The
functions 7,{(1) and f, (0) are obtained as an offshoot of the proof of Theorem 1 in

the Appendix as:
— k-1 -
FeW)=Fe(X) A A (& Fi(X)VEF (X)), (23)
Jj=1
k-1 _ —
Tel0= Fe(X)v N (G Fi(X)v 2 F (X)), (24)

Direct substitution of (23) and (24) into (22) produces the following expression for
the solutions z,
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(k=1) S _
z = Gk(X)/\ j/=\1 (Z]-Gj(X)vszj(X)Hj(X)) Vv

(k-1) _ _
A (X)W H(X)V v (2)(Gy(X)VH (X)) v 2;Gj(X)).25)

VEKM IMPLEMENTATION

Fig. 1 shows a VEKM solution of the Boolean equations stated by (1) — (4) in
accordance to the procedure of Rushdi (2001). This amounts to a statement of the
solutions (15) for the completely specified case. In comparison, Fig. 2 demonstrates
the solutions (25) for the incompletely specified case. Both Figs. 1 & 2 are given for
m = 3, and their extensions to higher values of m are obvious.

EXAMPLE 1

We utilize the present method to solve the multiple-output logic minimization
problem posed in example 9.5.1 (pp. 238 — 239) of Brown (1990). Here, we have a
system of three completely specified equations

21=F]=X]v 2X3vX2X3, (26a)
22=F2=X]X2VX]X3, (26b)
z. =F. =X X_X_. (26¢)

3 3 123

We need to substitute the above values of F,, F,, and F; in Fig. 1, so as to obtain
VEKM representations for z, and z;. To this end, we perform the following
preliminary computations.
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F1F2F3=X]X2X3,

F]vFZ\/F3=],

F]\/F2\/F3 =X1vX2X3\/ X2X3,

FIVF2VF3:X]X2VX]X3,

67
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T zZ, 1
Fiv Fyv Fy F]szvF3 F]VFZVF3 FIVFZVF3
z F]vFZVF3F]vF2vF3 FIVFZVF3 F]\/F2VF3
L |
Z,
fy =
'—ZZ_l [ Zg
FpvF, FpvF, VA(F v Fyv F3) | vdF v F, v Fy)
ZI_ I - Fy Fy F3 FF,F;
1 F] v F, FjvF) - —
I_ vd(F]vF2VF3) vd(F]szvF3
1, 23 = 1300 v d(f 5 0)
- Fj Fy
|_ — FpFs _|
Z] F] — Z]
I_ vd(F]sz) J
1, “2
0 F;
o ‘1

Fig. 1. VEKM solution of the multiple-output minimization problem for m = 3.
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I z, 1
G, H; G, H,G; G, H,G,G;
V(G v H v G,y vd(G v H v G, v
HyvGzvH;3z) GzvH3)
( 6,6, ,0, 616,63
] Vd(G,vGyv H, vd(G,v G, v Gy
L \/G3\/H3) vH3)
4
3
Gy H G,

\/d(GI\/HI\/Gz\/Hz)

GG,

Vd(G]VszHz)

-~

Fig. 2. A demonstration of the solution (25) for the incompletely specified case.
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We now obtain the VEKM representations for z, and z; shown in Fig. 3.
Employing the VEKM minimizaiton procedure of (Rushdi & Al-Yahya 2001), we
obtain the following expressions for z,and z;

Z2=Z]VX]X2, (27a)

2, =22, (27b)

Note that we did not bother to find an expression for z, since it is simply given by

its initial specification (26a). Neither did we check the consistency condition since
it is identically satisfied in the present case. In passing, we note that the search for a
solution with a minimal input count requires the repeated solution of the problem
with various permutations of the variables (z,,z,,z;). For example, if these

variables are rearranged as ( z;, z,, z, ), then the following solution is obtained

23 = ]X2X3 , (28a)
22 = ]XZ Vv ]XS’ (28b)
Z] = 22 \/23, (28¢)

which has a better input count than the solution in (27).
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) L -
vdl X, X,v X, X3)
Fig. 3. VEKM |_ e B

representations for z, and

Z; in example 1. ?

i )

dX v X, Xy3v X,X3)

- X X,X;
z, d( X Xyv X, X3)

v d(l)
L

EXAMPLE 2

Now, we apply the present method to the problem given in example 9.6.4 (pp.
235-237) of Brown (1990), and which was solved therein via a computer code based
on a sophisticated algorithm. A tabular specification is given for three output
functions, which can be rephrased here in the decimal notation

Z,(4.B,CD)= G,v dH,)
= 3(0,34) v d(7,9,14,15), (292)

Z,(ABCD) = G,v d(H,)
= 3(0,3,5,6,13) v d(7,9,10,12,14,15),  (29b)

Z.,(A,B,C,D)= G, v dH ,)
3 3 3 2
=S (12489 1013) v d3.7.11, 12,1415, - (29¢)
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Direct substitutions of the decimal notation expressions for G, H , G,, H , G,
and H given in (29), in the general VEKM representations for z and z_ given in

Fig. 2, produces their specific VEKM representations for this example shown in Fig.
4, wherein the VEKM entries are given in decimal notation. Their representations
easily translate into the ones shown in Figs. 5 and 6, in which the VEKM entries are
now given in conventional Karnaugh-map forms and algebraic forms, respectively.
Minimal expressions for z and z_ turn out to be

22 = Bz] Vv BZ], (30a)

z, =2, v A4, (30b)

and can be obtained either through the application of conventional Karnaugh-map
minimizaiton (Muroga 1979) to the maps in Fig. 5, or via the application of VEKM
minimization (Rushdi & Al-Yahya 2000; Rushdi & Al-Yahya 2001) to the maps in
Fig. 6. The minimal expression for z (separately obtained by casting its decimal

notation in (27a) into the map of Fig. 7) is

z, = ACD v ACD. (30c)



Rushdi & BA-rukab : low-cost design of multiple

Fig. 4. VEKM
representations for Z 5 and
z, in example 2, with

entries expressed in decimal
notation.

73

(1,28 D (13)

vd ..15) vd0.4,7.15)
2.(4)

v d(0 ..15) d(1..15)

D(56.13)

vd(0,3.7,9,10,12..15)

| >(03)

‘L vd(0.35.15)
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— A
d d d
1 1 d
d d d
1 d d

1 d d
d d d d _|
[ D
1 d d d
z, c i
I_ d d d d
n =
[ 2 |
I—A—I
d d d 1 d d d d
1 d d d _| d 1 d
D
d d d d J d d d d
1 d d d d d d
d 1 d d d d d
d d d d d d d d
zo | [ | q d d d d d d d
c
L d d d d d d d d
5 — 1

Fig. 5. VEKM representations for Z2 and Z3 in example 2, with entries in conventional Karnaugh-map



Fig. 6. VEKM representations
for Z2 and Z3 in example 2,

with entries expressed
algebraically.
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BC Dv ABC D

vdBv ACDv ACD
v ACDvV ACD)

ABCDv ABCD

VA
1 _
L vd(Av Bv Cv D)
VA
2
ABCDvABCDv ABCD ABCD
v d(1) vd( AvBvCDvCD)
ABCD
v d(l) d(Av Bv Cv D)
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Fig. 7. Individual C:]

Karnaugh-map

representation for z.

L g1

CONCLUSIONS

Boolean-equation solving is a very powerful tool in switching theory. It is very
useful both as an analysis or simulation tool (Wood & Casinovi 2001) and also as a
synthesis or design tool (Brown 1990). The present paper has added a new
dimension to the employment of Boolean-equation solving in the design of multiple-
output switching circuit. The key contribution of the paper is to avoid the brute-
force application of a Boolean-equation solver to produce a general solution that is
equivalent to a multitude of particular solutions, with the subsequent need to search
among these for the one solution satisfying minimality requirements. Instead, the
paper proposes some preliminary work in which a minimal particular solution is
targeted from the outset. The outcome of this work is gratifying, since explicit or
closed-form solutions for the desired outputs are obtained. As a bonus, it is shown
that one of the output is expressible via its individual or separate specification, and it
is proved that the consistency condition required in Boolean-equation solving is
automatically satisfied.

The procedure presented herein is of definite pedagogical and pictorial
advantages for manual use with medium-sized problems. We have not computer
implemented this procedure yet. Such an implementation is desirable to allow the
use of the procedure with large problems and to assess its computational complexity
in comparison with existing algorithms.

APPENDIX
PROOF OF THEOREM 1

We use a downward version of mathematical induction. We label (13) as 7} and note that we can

prove it for k = m,m—1,..., I, 0 by proving:

(a) the limiting case Ty, and
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(b) the inductive case Ty — Ty

For (a) we note that T, is true since by definition (equations (2) and (4))
v
=f = z @F ( X)),

For (b) assume Ty is true, i.e., assume fy is given by (13) and obtain

foy =106 (D,

where
fk(0)=0”k)zk:0 =A4v B
N0=0). = AV S
where
A= FkO()
(k1)

-y, , ®F (X)

so that f,_ finally becomes

(k=1)

fk—]

whichis T iy

PROOF OF THEOREM 2
From (A3) and (A4), the complements of f; (0)and f, (1)are

fk(0)=(AvB)=4B,
Fx(l)=(A~v B)=A4B,

which, when multiplied together produce

=(AvB)(Av B)=B= j\;l (zj @FJO()),

(AT)

(A2)

(A3)

(A4)

(A5)

(A6)

(AT)

(A8)

(A9)

77
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Srk(1D)fk(0)=(AB)(AB)=0. (A10)

Equation (A10) is equivalent to (14) by virtue of the very definition of the < operator, viz.
({C £ D} < {C D=0}).(Brown 1990; Rushdi 2001).

PROOF OF THEOREM 3
Other versions of defining the (<) operator in (14) are

[0 f, ()=, (), (A1)

£,V £, ()= £, (0), (A12)

by virtue of which the expression (12) for z, reduces to (15).
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