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Abstract

Using the infinitely countable extension of triangular norms, a generalization of Tardiff’s fixed point theorem in
probabilistic metric spaces is proved. As a consequence, an application to random equations is obtained.
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1. Introduction and preliminaries

The theory of probabilistic metric spadds] was developed by many authors. The study of contraction
mappings for probabilistic metric spaces was initiated by Sehgal, Sherwood and Bharucha-Reid [18-20].
Some further results on the existence of the fixed point@faobabilistic contraction can be found in
[1,5-7,14-16].

We investigated in [5,7] the countable extension of t-norms and we introduced a new notion: the
geometrically convergent (briefly g-convergent) t-norm, which is closely related to the fixed point theory.
We proved that t-norms dfl-type and some subclasses of Dombi, Aczél-Alsina, and Sugeno—Weber
families of t-norms are geometrically convergent, see [7]. A new approach to the fixed point theory in
probabilistic metric spaces is given in Tardiff's paper [21], where some additional growth conditions for
the mappingF : S x § — DT are assumed under the conditidr: 7, . V. Radu [13] introduced a
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stronger growth condition faF than in Tardiff’'s paper (under the conditid@n> 7;, which enables him
to define a metric) and by metric approach an estimation of the convergence with respect to the solution
can be obtained, s¢8].

Using the countable extension of triangular norms we prove in this paper, a generalization of Tardiff’s
fixed point theorem in probabilistic metric spaces. An application to random equations is given.

Let DT be the set of all distribution functior’s such thatF(0) = 0 (F is a nondecreasing, left
continuous mapping frorR into [0, 1] such that sup.p F(x) = 1).

The ordered paiS, F) is said to be probabilistic metric spaci Sis a nonempty setanl : Sx § —
DF (F(p, q) is denoted byF, , for every(p, q) € S x S) satisfies the following conditions:
(1) Fyo(x)=1foreveryx >0 u=v (u,v € S).
(2) Fyn = F,, foreveryu,v € S.
(3) Fuv(x) =1landF, ,(y) =1= F, »(x +y)=1foru,v,w € Sandx, y € R,

If only (1) and (2) from above holds, the ordered p@ir F) is said to bea probabilistic semi-metric
spaceA Menger spacésee[17]) is a triple(S, F, T), where(S, F) is a probabilistic metric spaceé,is
a triangular norm (abbreviated t-norm) and the following inequality holds:

Fuo(x +y) =T (Fy(x), Fy.(y)) for everyu, v, w € S and everyx > 0, y > 0.

Recall that a mapping : [0, 1] x [0, 1] — [0, 1] is called atriangular norm(a t-norm), se¢10], if
the following conditions are satisfied:
T(a,l) = afor everya € [0, 1], T (a, b) = T (b, a) for everya, b € [0, 1],

a>b, c2d = T(a,c)=>T(b,d) (a,b,c,d €]0,1)]),
T(a,T(b,c))=T(T(a,b),c) (a,b,ce]0,1]).

Example 1. The following are the three basic continuous t-norms:
(i) The minimum t-norm7y, is defined by

Tm(x, y) = min(x, y),
(i) The product t-norm{7p, is defined by

Tp(x,y) =x -y,
(i) The kukasiewicz t-nornty is defined by

TL(x,y) =max(x +y—1,0).
As regards the pointwise ordering, we have the inequaliiesx 7p < Ty. Each t-normT can be

extended (by associativity) in a unique way taeary operation taking fogxs, . .., x,) € [0, 1]", n € N,
the valuesT' (x1, . .., x,) which are defined by

0 n n—1
T Xi =1, T Xi =T T Xi, Xn =T(X1,...,xn).
i=1 i=1 i=1

We have for two important t-normi§ andT7y that

TL(X1, ..., Xp) = max(in —(n—1), o)
i=1
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and
TM (xls L] xn) = mln(xla ceey xn),

respectively.
A t-normT can be extended to a countable infinitary operation taking for any sequengey from
[0, 1] the values

0] n

T xi=Ilm T x. 1)
1

. n—oo .
i=1 1=

The limit on the right-hand side ofl] exists since the sequen(if ;’:1 x,-)nGN is nonincreasing and
bounded from below. Some sufficient conditions for were given in [5,7] to ensure that
lim,—o T i, xi = 1.

The (e, 2)-topology in(S, F) is generated by the family of neighbourhoods

U= (Uv(8, ;“))(v,s,).)eSxR+x(0,l)’ where UU(E, }) = {M | u e S, FM,U(S) >1-— i}
The (¢, 4)-uniformity in (S, F) is given by the family(U:, ;) i 1 er+x(0.1)» Where
U(E,A) = {(I/l, U) | u’ v E S, Fu,v(g) > 1_ ;“}’

and it exists (only) if sup_, T (x, x) = 1, otherwise it is a semi-uniformity.

A sequencép,),cn in a probabilistic metric spadgs, F) is anF-Cauchy sequence if for evesy> 0
and € (0,1) there existsig(e, 2) € N such thatF,, , (s) > 1 — 4, for everyn,m>no(e, ). A
probabilistic metric spaceS, F) is complete if everyF-Cauchy sequence convergessin

Let (@, X, P) be a probability measure space, &M, d) a complete separable metric space.&be
the space of all classeé of equivalence of measurable mappings @ — M, i.e, X,Y € X ifand
onlyif X =Y a.e.. Then(S, F, T.) is a complete Menger space, where, for evﬁr;f’ e S,

Fe @) =Po|0ecQdX().Yw) <e) (> 0).

If at-normT is such that sup.4 7' (x, x) = 1, then(S, F, T) is, with the(e, 1) topology, a metrizable
topological space.

As an extension of the Banach contraction principle the first theorem on the existence of the fixed point
in a Menger spaces, F, Ty) was proved irf18,19].

Theorem A. Let (S, F, Tm) be a complete Menger space afid S — S. If there existg; € (0, 1) such
that for all pointsx, y € Sandallt > 0

fo,fy(qt)>Fx,y(t)s (2)
then there exists a unique globally attractive fixed poinf of

Generally, we shall write simpl§p instead of f(p). If f : § — § satisfies 2) thenf is called
g-probabilistic contraction
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Since 1972 many authors investigated the possibility of the weakening of the condition that t-norm
T is equal toTy, see[5]. If T >T;, an interesting result is obtained by Tardiff in [21], where a growth
condition forF is introduced.

Theorem B (Tardiff [21]). Let (S, F, T) be a complete Menger space such tfigt7,, f : S — S a
g-probabilistic contraction and there existg € S such that

0
/ INudFyy, £xo(u) < 00.
1
Then there exists a unique fixed pointfof

A generalization of the notion of the-probabilistic contractiorj18], the so-called)-probabilistic
contraction, is investigated by many authors [2-5,9] for single-valued and multi-valued mappings.

Definition 2. Let (S, F) be a probabilistic metric spacg,: S — S andy : RT™ — R™. The mappind
is called aj-probabilistic contraction iff for every, y € S and every > 0

Fre py((8))=Fy y(1).

If y(¢) = g1, for everyt > 0, whereq € (0, 1), then aj-probabilistic contraction is a-probabilistic
contraction.
If Tis at-norm let for every € [0, 1] andn € N

x(”) N 1, n = 0,
r - T(xé”*l),x) otherwise

A t-norm T is of H-type if the family of functiongx — xy)}neN is equicontinuous at the point= 1.
By v we shall denote theth iteration of a mapping (n € N).

In [9] a fixed point theorem for a multi-valueg probabilistic contraction is proved. From Theorem 1
in [9] the next corollary follows.

Corollary 3. Let (S, F, T) be a complete Menger space and T be of H-type
Let f : S — S be ay-probabilistic contraction angy : Rt — R* be nondecreasing and such that

Z ¥ ™ (1) < oo for everyr > 0. -
neN
Then there exists a fixed point of the mappjhg

A similar result is obtained ifi3] wherey : R™ — RT is a strictly increasing continuous function
with y(0) = 0 andy(¢) < ¢, for everyr > 0.

Remark 4. In Lemma 2.1[3] itis necessary to suppose thigik ™) = R since in the proof the existence
of y~1: Rt — R* is supposed.
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In [3] the continuity ofy is used in order to prove that for every- 0
lim y™ @) =0 (4)
n—oo
lim ~H™ (@) = . (5)
n—o0
In [6] the following result is proved.

Theorem C. Let (S, F, T) be a complete Menger spacg : S — S be ay-probabilistic contraction
andy : Rt — R™ be a strictly increasing bijection such th@t) holds. If there existsg € S such that

o0
i = (7)) —
nleoo In Fxo,fxo (l,b (t)) =1 (6)
for somer > 0, then there exists a unique fixed pain& lim, ., f"xo of the mappingf.
Remark 5. If t-norm T is of H-type the condition®) is satisfied for everyg € S.

Remark 6. Ifin Theorem Cy(¢) = gt (t > 0), whereg € (0, 1) andT > T condition @) is satisfied if

o0
/ INudFyy, fxo(u) < 00 (7
1

since {7) implies that by [21]
. 00 t
nll_)moo (lg) Fro, fxo <q”> =1 foreveryr >0
and so

; = t . 00 t
nII—>mOOl,-|:_ Fx07fx0 (qn> > nll_)moo (TL) Fxo,fxO (qn) =1

n i=n

We prove in this paper a fixed point theorem for a class-pfobabilistic contractions wherge: Rt —
R™ is a bijection such thaB) and (5) hold.

2. lterative roots of a given function

In the proof of the fixed point theorem fgrprobabilistic contraction, we shall use an iterative root of
the mapping) : R — R™,i.e., amapping : Rt — R™ such that

(oa)(t) =a@(t) = y(t) foreveryr > 0. (8)

There is a large literature on iterative roots of a bijecf®il,12]. Here, we recall a result of Lojasiewicz
[12] on the existence of an iterative root of a bijection.

Let X be an arbitrary nonempty setapd X — X be a bijection. ByL; (k € N U {0}) the cardinality
of the set ok-cycles of the mapping is denoted. Letlp = n andd; = n/n; (k € N), whereny is the
greatest divisor ofi which is relative prime td.
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Theorem L (Lojasiewic412]). Lety : X — X be a bijection. The iterative functional equation
™ (1) = y(r) foreveryr € X (9)
has a solution: : X — X iff for everyk € N U {0}, L, is infinite or Ly is divisible bydj.

Ifin (9) n = 2 thendp = 2 andd; = 2/n; (k € N), wheren, is the greatest divisor of 2 which is
relative prime tok. Hence

dyy =2, dyy—1=1, neN.

From Theorenk the next corollary follows.

Corollary 7. Lety : X — X be a bijection. Then the iterative functional equation
2@ (1) =y(r) foreveryr e X (10)

has a solution. : X — X iff for everyk € N U {0}, L, isinfinite or L is divisible by 2 for eveR.

Corollary 8. Lety : RT — R™ be a bijection such thg#) holds. Then the iterative functional equation
@) = y(t) foreveryt >0 (11)
has a solution: : R — R™.
Proof. From @) it follows that for everyk € N the set ok-cycles is empty. Hence
Ly =0 foreveryk e N

and by Corollaryr there exists a solutionof iterative functional equation (11), i.e.js an iterative root
of the mappingy. O

Lemma 9. Lety : RT™ — R™ be a bijection such thgB) holds. Then every iterative roat: Rt — RT
satisfies the condition

> a™(t) < oo foreveryr > 0. (12)

n

Proof. From @) itfollows that (4) is satisfied and by Corollary 8 there is an iterative@bthe mapping
. On the other hand for > 1 andr > 0

Y a )= Z 2?0 (1) + Z 2 (r)
= Z Yy () + Z Y™ (1))

and (3) implies (12). O
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Lemma 10. Lety : R* — R™ be a bijection such thgb) holds
Let H : R™ — [0, 1] be such thatim,_, ., H(t) = 1 and

o0
IimooT H D) =1 foreveryr > 0. (13)

i=n

Then

[e.e]
lim T H@ @) =1 foreveryr > 0. (14)
—00

n .
1=n

Proof. From (13) it follows that sup_, 7'(x, x) = 1 which implies that ling, ) 1,1 T (x,y) = 1.
Since

'i'on—(")(t)»T 'T'o H@ @ 1)), 'i'o H (@)

i=n i=ig i=jo

2ig>n 2jo+1=n
> T( T HO Q@), T H(w—“)(a—l(r)))),
i=[n/2] i=[n—1/2]

(13) implies (14). O

By M we shall denote the class of all bijectiops Rt — R™ such that (3) and (4) holds. It is obvious
that the function)(¢) = ¢t (t > 0), whereg < (0, 1), belongs to the class .

3. Afixed point theorem for y-probabilistic contractions

Theorem 11. Let (S, F, T) be a complete Menger spagec M and f : S — S be ay-probabilistic
contraction. If there existsp € S such that for every > 0

lim T Fuo pxo@ ™0 (0) = 1, (15)

i=n

then there exists a unique fixed painof the mapping f ana = lim,,_. o, f"xo.

Proof. Since (5) implies that sup_, 7 (x, x) = 1 the(e, 1)-topology ofSis metrizable. We shall prove
thatf is an uniformly continuous mapping. Let

N(g, ) ={(u,v)|(u,v) € S xS, Fy(e) >1— 1},

wheres > 0, 4 € (0, 1). The familyN' = {N(e, 1)} ..o defines thee, 2)-uniformity of S. It suffices

4€(0,1)
to prove that for everyy > 0 and/ € (0, 1) there existg > 0 and{ € (0, 1) such that

(V(x,y) € §x8) (x,y) € N, ) — (fx, fy) € N(n, 4). (16)
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Lety > 0 andi € (0, 1) be given. Since limL, . ¥ (1) = 0, for everyr > 0, there exists > 0 such
thaty(e) < n. ThenFyy, ry(n) = Fry ry(Y(e)) > Fy y(e) and Fy ,(e) > 1 — Aimplies thatF ¢, 7, (1) >
1 — /. Hence 16) holds for{ = 4.

Letx,+1 = fx,, for everyn € N U {0}. We shall prove thatx,),cn is @ Cauchy sequence, i.e., that
for everye > 0 andi € (0, 1) there existsig(e, 2) € N such that

F

Xn+m>Xn

(¢) > 1— 4 for everyn>no(e, 1) and everyn € N. a7)

Lete > 0 andi € (0, 1) be given. Since/ € M there exists an iterative roat: R™ — R™ of the
mappingy. By Lemma9, «™(t) < oo for everyr > 0. Lett be a fixed number fronk*. Since
>, @ (1) < oo, there existsii(e) € Nsuchthafy"; ., ., (1) < &. Hence, for every. >n1(¢) and
everym € N

Fxn+m’x” (8) 2 Fxn+m7xn Z oc(l)(t)

i>ni(e)

n+m—1
2 Fxn+m,)€n ( Z a(l)(t)>

l=n
1
> T(T(.. T(Fryopia (™(0), Frypig0io @D (1)),
(m—1)-times
c Fxn+ln—laxn+m (O((n+m_1) (t)))
> T(T(... T(Fyg, o™ @™ (1)), Frg. rxo (™" @ (1)),
———
(m—1)-times
N N (e  CAC L T (3 ))))
= T(T (... T(Fxy. fxo(@" (1)), Fug. fxo@" "V 0))),
(m—1)-times
—(n+m-—1)
ce Fkonfxo(a (1))
OO .
>T Fu rao@ V().

Applying Lemma 10 forH (t) = Fxq, £x,(?), Since (15) holds, we have that

o
im T Fu rro(c @) = 1.

n—oo .
1=n

Letno(4) € N be such that for everny>n»(1)

o0
T Frofro(@™ @) >1— 4.

i=n

Then @L7) holds forng(e, ) = max{ni(e), n2(1)}. The spaceSis complete and there exisis =
liM,, 00 x, = liMm,_ o f"x0. Sincef is continuousy is a fixed point of the mapping. Suppose that
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y €S, y= fy.Thenforeverg > 0
Fry(€) = Fre py(@) 2 Foy €)= - > Fry (0~ ™)
and so from4) it follows that
F5 y(e) = 1 for everye > 0.
This implies thatc = y. O
The family(T)?W)ge(_l,w] of Sugeno—Webdfnorms seeg[5,10], which containgy , is given by

TP(X,Y) Ifi:oo’

T)§W(x’ y) = maX(O x+y—1+ixy (18)

- ) otherwise
1+

Corollary 12. Let(S, F, T) be acomplete Menger space and there exists@m7; € Uie(—l,oo){T/lSW}

such thatT >T1. Letyy € M and f : S — S be ay-probabilistic contraction. Ify" 1/y~™ (1) < oo,
for everyr > 0 and for someg € S

SUups (1 — Fyy, rxo(s)) < 00,

s>0

then there exists a unique fixed painof the mapping f ana = lim,_. o, f"xo.

Proof. Let M > 0 be such that

S(A— Fyy, rxo(s))<M forevery s > 0,

M
Fyo, fxo(s) > 1 — — foreverys > 0.
N

Letso > 0 be such that & M /so > 0. Then for every >sg, Fyy rxo(s) >1—M/s > 0. Letr > 0. If
no(t) € Nis such that

Y1) =s0 for n=no(r),
then for every: >no(¢)

M

—— > 0.
I

Fro ro@™ (@) > 1 —

SinceTy € U ¢(_1.00{T>"} we have by[5] the equivalence

ZL«xM:» lim (ﬁ)(l—L):l
lp—(n)(t) n—00 lﬁ_(’)(t)

n 1=n
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Hence
e M 00 M
lim 1—-————)>Ilim (M)|[1—-— ) =1
'Hooln( wm) R ( wa))
and so
lim Foo roo™ (@) > lim 1-——— ) =1

Hence, the relationlf) holds and we obtain the conclusion by Theorem 1.

Now, by using Corollary 12, we can prove the following random fixed point theorem.

Theorem 13. Let (2, X, P) be a probability measure spacg, d) a complete separable metric space
andf : Q x M — M a continuous random operator

Suppose that there exists a mappihg M such that) _, 1/y~™ (1) < oo for everyr > 0 and the
following conditions hold
(a) For everyX, Y € S and every > 0

P({o|lo € Q,d(f (0, X(w), f(o,Y(0)) <y}
zP({o|lo € Q,d(X(w), Y(w)) < &})

for someg € O, 1).
(b) There existsXg € S such that

supu P({w|w € 2, d(Xo(w), f(w, Xo(w)))>u}) < oo.

u>0

Then there exists a measurable mappgQ — M such thatX (w) = f(w, X(w)) a.e.

Proof. The mapping/ : S — S, defined by X)(w) = f(w, X(»)) (o € Q) satisfies allthe conditions
of Corollary1l2forT =T7.. O
Remark 14. Condition (b) in Theorem. 3 is satisfied ifE (d(Xo(w), f(w, Xo(w))) < oo since

E(dXo(®). f(», Xo(®))
” ;

P({o | o € Q,d(Xo(w), f(w, Xo(w))) Zu}) < >0,

holds.
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