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Abstract

Using the infinitely countable extension of triangular norms, a generalization of Tardiff’s fixed point theorem in
probabilistic metric spaces is proved. As a consequence, an application to random equations is obtained.
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1. Introduction and preliminaries

The theory of probabilisticmetric spaces[17] was developed bymany authors. The study of contraction
mappings for probabilistic metric spaces was initiated by Sehgal, Sherwood and Bharucha-Reid [18–20].
Some further results on the existence of the fixed point of aq-probabilistic contraction can be found in
[1,5–7,14–16].
We investigated in [5,7] the countable extension of t-norms and we introduced a new notion: the

geometrically convergent (briefly g-convergent) t-norm, which is closely related to the fixed point theory.
We proved that t-norms ofH-type and some subclasses of Dombi, Aczél–Alsina, and Sugeno–Weber
families of t-norms are geometrically convergent, see [7]. A new approach to the fixed point theory in
probabilistic metric spaces is given in Tardiff’s paper [21], where some additional growth conditions for
the mappingF : S × S → D+ are assumed under the conditionT �TL . V. Radu [13] introduced a
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stronger growth condition forF than in Tardiff’s paper (under the conditionT �TL , which enables him
to define a metric) and by metric approach an estimation of the convergence with respect to the solution
can be obtained, see[5].
Using the countable extension of triangular norms we prove in this paper, a generalization of Tardiff’s

fixed point theorem in probabilistic metric spaces. An application to random equations is given.
Let D+ be the set of all distribution functionsF such thatF(0) = 0 (F is a nondecreasing, left

continuous mapping fromR into [0,1] such that supx∈R F(x) = 1).
The ordered pair(S,F) is said to bea probabilistic metric spaceif Sis a nonempty set andF : S×S →

D+ (F(p, q) is denoted byFp,q for every(p, q) ∈ S × S) satisfies the following conditions:
(1) Fu,v(x) = 1 for everyx > 0 ⇔ u = v (u, v ∈ S).
(2) Fu,v = Fv,u for everyu, v ∈ S.
(3) Fu,v(x) = 1 andFv,w(y) = 1⇒ Fu,w(x + y) = 1 for u, v,w ∈ S andx, y ∈ R+.
If only (1) and (2) from above holds, the ordered pair(S,F) is said to bea probabilistic semi-metric

space. A Menger space(see[17]) is a triple(S,F, T ), where(S,F) is a probabilistic metric space,T is
a triangular norm (abbreviated t-norm) and the following inequality holds:

Fu,v(x + y)�T (Fu,w(x), Fw,v(y)) for everyu, v,w ∈ S and everyx > 0, y > 0.

Recall that a mappingT : [0,1] × [0,1] → [0,1] is called atriangular norm(a t-norm), see[10], if
the following conditions are satisfied:
T (a,1) = a for everya ∈ [0,1], T (a, b) = T (b, a) for everya, b ∈ [0,1],

a�b, c�d ⇒ T (a, c)�T (b, d) (a, b, c, d ∈ [0,1]),
T (a, T (b, c)) = T (T (a, b), c) (a, b, c ∈ [0,1]).

Example 1. The following are the three basic continuous t-norms:
(i) The minimum t-norm,TM, is defined by

TM(x, y) = min(x, y),

(ii) The product t-norm,TP, is defined by

TP(x, y) = x · y,
(iii) The Łukasiewicz t-normTL is defined by

TL(x, y) = max(x + y − 1,0).

As regards the pointwise ordering, we have the inequalitiesTL < TP < TM. Each t-normT can be
extended (by associativity) in a uniqueway to ann-ary operation taking for(x1, . . . , xn) ∈ [0,1]n, n ∈ N,
the valuesT (x1, . . . , xn) which are defined by

0

T
i=1

xi = 1,
n

T
i=1

xi = T

(
n−1

T
i=1

xi, xn

)
= T (x1, . . . , xn).

We have for two important t-normsTL andTM that

TL(x1, . . . , xn) = max

(
n∑
i=1

xi − (n− 1),0

)
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and

TM(x1, . . . , xn) = min(x1, . . . , xn),

respectively.
A t-normT can be extended to a countable infinitary operation taking for any sequence(xn)n∈N from

[0,1] the values
∞
T
i=1

xi = lim
n→∞

n

T
i=1

xi. (1)

The limit on the right-hand side of (1) exists since the sequence
(
T n

i=1 xi
)
n∈N

is nonincreasing and
bounded from below. Some sufficient conditions forT were given in [5,7] to ensure that
limn→∞T ∞

i=n xi = 1.
The(ε, �)-topology in(S,F) is generated by the family of neighbourhoods

U = (Uv(�, �))(v,ε,�)∈S×R+×(0,1),where Uv(ε, �) = {u | u ∈ S, Fu,v(ε) > 1− �}.
The(ε, �)-uniformity in (S,F) is given by the family(U(�,�))(ε,�)∈R+×(0,1), where

U(ε,�) = {(u, v) | u, v ∈ S, Fu,v(ε) > 1− �},
and it exists (only) if supx<1 T (x, x) = 1, otherwise it is a semi-uniformity.
A sequence(pn)n∈N in a probabilistic metric space(S,F) is anF-Cauchy sequence if for everyε > 0

and � ∈ (0,1) there existsn0(ε, �) ∈ N such thatFpn,pm(ε) > 1 − �, for everyn,m�n0(ε, �). A
probabilistic metric space(S,F) is complete if everyF-Cauchy sequence converges inS.
Let (�,�, P ) be a probability measure space, and(M, d) a complete separable metric space. LetSbe

the space of all classeŝX of equivalence of measurable mappingsX : � → M, i.e.,X, Y ∈ X̂ if and
only if X = Y a.e.. Then(S,F, TL) is a complete Menger space, where, for everyX̂, Ŷ ∈ S,

F
X̂,Ŷ

(ε) = P({� | � ∈ �, d(X(�), Y (�)) < ε}) (ε > 0).

If a t-normT is such that supx<1 T (x, x) = 1, then(S,F, T ) is, with the(ε, �) topology, a metrizable
topological space.
As an extension of the Banach contraction principle the first theorem on the existence of the fixed point

in a Menger space(S,F, TM) was proved in[18,19].

TheoremA. Let (S,F, TM) be a complete Menger space andf : S → S. If there existsq ∈ (0,1) such
that for all pointsx, y ∈ S and all t > 0

Ffx,fy(qt)�Fx,y(t), (2)

then there exists a unique globally attractive fixed point off .

Generally, we shall write simplyfp instead off (p). If f : S → S satisfies (2) then f is called
q-probabilistic contraction.
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Since 1972 many authors investigated the possibility of the weakening of the condition that t-norm
T is equal toTM, see[5]. If T �TL, an interesting result is obtained by Tardiff in [21], where a growth
condition forF is introduced.

Theorem B (Tardiff [21]). Let (S,F, T ) be a complete Menger space such thatT �TL, f : S → S a
q-probabilistic contraction and there existsx0 ∈ S such that∫ ∞

1
ln udFx0,f x0(u) < ∞.

Then there exists a unique fixed point off .

A generalization of the notion of theq-probabilistic contraction[18], the so-called�-probabilistic
contraction, is investigated by many authors [2–5,9] for single-valued and multi-valued mappings.

Definition 2. Let (S,F) be a probabilistic metric space,f : S → S and� : R+ → R+. The mappingf
is called a�-probabilistic contraction iff for everyx, y ∈ S and everyt > 0

Ffx,fy(�(t))�Fx,y(t).

If �(t) = qt , for everyt > 0, whereq ∈ (0,1), then a�-probabilistic contraction is aq-probabilistic
contraction.
If T is a t-norm let for everyx ∈ [0,1] andn ∈ N

x
(n)
T =

{
1, n = 0,
T (x

(n−1)
T , x) otherwise.

A t-normT is ofH-type if the family of functions{x → x
(n)
T }n∈N is equicontinuous at the pointx = 1.

By �(n) we shall denote thenth iteration of a mapping� (n ∈ N).
In [9] a fixed point theorem for a multi-valued�-probabilistic contraction is proved. From Theorem 1

in [9] the next corollary follows.

Corollary 3. Let (S,F, T ) be a complete Menger space and T be of H-type.
Let f : S → S be a�-probabilistic contraction and� : R+ → R+ be nondecreasing and such that∑

n∈N

�(n)(t) < ∞ for everyt > 0. (3)

Then there exists a fixed point of the mappingf .

A similar result is obtained in[3] where� : R+ → R+ is a strictly increasing continuous function
with �(0) = 0 and�(t) < t, for everyt > 0.

Remark 4. In Lemma 2.1[3] it is necessary to suppose that�(R+) = R+ since in the proof the existence
of �−1 : R+ → R+ is supposed.
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In [3] the continuity of� is used in order to prove that for everyt > 0

lim
n→∞ �(n)(t) = 0 (4)

lim
n→∞ (�−1)(n)(t) = ∞. (5)

In [6] the following result is proved.

Theorem C. Let (S,F, T ) be a complete Menger space, f : S → S be a�-probabilistic contraction
and� : R+ → R+ be a strictly increasing bijection such that(4) holds. If there existsx0 ∈ S such that

lim
n→∞

∞
T
i=n

Fx0,f x0(�
−(i)(t)) = 1 (6)

for somet > 0, then there exists a unique fixed pointx = limn→∞ f nx0 of the mappingf .

Remark 5. If t-normT is ofH-type the condition (6) is satisfied for everyx0 ∈ S.

Remark 6. If in Theorem C,�(t) = qt (t > 0), whereq ∈ (0,1) andT �TL condition (6) is satisfied if∫ ∞

1
ln udFx0,f x0(u) < ∞ (7)

since (7) implies that by [21]

lim
n→∞

( ∞
TL
i=n

)
Fx0,f x0

(
t

qn

)
= 1 for everyt > 0

and so

lim
n→∞

∞
T
i=n

Fx0,f x0

(
t

qn

)
� lim
n→∞

( ∞
TL
i=n

)
Fx0,f x0

(
t

qn

)
= 1.

Weprove in this paper a fixed point theorem for a class of�-probabilistic contractionswhere� : R+ →
R+ is a bijection such that (3) and (5) hold.

2. Iterative roots of a given function

In the proof of the fixed point theorem for�-probabilistic contraction, we shall use an iterative root of
the mapping� : R+ → R+, i.e., a mapping� : R+ → R+ such that

(� ◦ �)(t) = �(2)(t) = �(t) for everyt > 0. (8)

There is a large literature on iterative roots of a bijection[8,11,12]. Here, we recall a result of Lojasiewicz
[12] on the existence of an iterative root of a bijection.
LetX be an arbitrary nonempty set and� : X → X be a bijection. ByLk (k ∈ N ∪ {0}) the cardinality

of the set ofk-cycles of the mapping� is denoted. Letd0 = n anddk = n/nk (k ∈ N), wherenk is the
greatest divisor ofnwhich is relative prime tok.
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Theorem L (Lojasiewicz[12] ). Let� : X → X be a bijection. The iterative functional equation

�(n)(t) = �(t) for everyt ∈ X (9)

has a solution� : X → X iff for everyk ∈ N ∪ {0}, Lk is infinite orLk is divisible bydk.

If in (9) n = 2 thend0 = 2 anddk = 2/nk (k ∈ N), wherenk is the greatest divisor of 2 which is
relative prime tok. Hence

d2n = 2, d2n−1 = 1, n ∈ N.

From TheoremL the next corollary follows.

Corollary 7. Let� : X → X be a bijection. Then the iterative functional equation

�(2)(t) = �(t) for everyt ∈ X (10)

has a solution� : X → X iff for everyk ∈ N ∪ {0}, Lk is infinite orLk is divisible by 2 for evenk.

Corollary 8. Let� : R+ → R+ be a bijection such that(4)holds. Then the iterative functional equation

�(2)(t) = �(t) for everyt > 0 (11)

has a solution� : R+ → R+.

Proof. From (4) it follows that for everyk ∈ N the set ofk-cycles is empty. Hence

Lk = 0 for everyk ∈ N

and by Corollary7 there exists a solution� of iterative functional equation (11), i.e.,� is an iterative root
of the mapping�. �

Lemma 9. Let� : R+ → R+ be a bijection such that(3) holds. Then every iterative root� : R+ → R+
satisfies the condition∑

n

�(n)(t) < ∞ for everyt > 0. (12)

Proof. From (3) it follows that (4) is satisfied and byCorollary 8 there is an iterative root� of themapping
�. On the other hand forn > 1 andt > 0∑

n

�(n)(t)=
∑
n

�(2n)(t)+
∑
n

�(2n+1)(t)

=
∑
n

�(n)(t)+
∑
n

�(n)(�(t))

and (3) implies (12). �
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Lemma 10. Let� : R+ → R+ be a bijection such that(5) holds.
LetH : R+ → [0,1] be such thatlim t→∞H(t) = 1 and

lim
n→∞

∞
T
i=n

H(�−(i)(t)) = 1 for everyt > 0. (13)

Then

lim
n→∞

∞
T
i=n

H(�−(i)(t)) = 1 for everyt > 0. (14)

Proof. From (13) it follows that supx<1 T (x, x) = 1 which implies that lim(x,y)→(1,1) T (x, y) = 1.
Since

∞
T
i=n

H(�−(i)(t)) � T


 ∞

T
i=i0

2i0�n

H(�−(2i)(t)),
∞
T
i=j0

2j0+1�n

H(�−(2i+1)(t))




� T

( ∞
T

i=[n/2]
H(�−(i)(t)),

∞
T

i=[n−1/2]
H(�−(i)(�−1(t)))

)
,

(13) implies (14). �

ByMwe shall denote the class of all bijections� : R+ → R+ such that (3) and (4) holds. It is obvious
that the function�(t) = qt (t > 0), whereq ∈ (0,1), belongs to the classM.

3. A fixed point theorem for �-probabilistic contractions

Theorem 11. Let (S,F, T ) be a complete Menger space, � ∈ M andf : S → S be a�-probabilistic
contraction. If there existsx0 ∈ S such that for everyt > 0

lim
n→∞

∞
T
i=n

Fx0,f x0(�
−(i)(t)) = 1, (15)

then there exists a unique fixed pointx of the mapping f andx = limn→∞ f nx0.

Proof. Since (15) implies that supx<1 T (x, x) = 1 the(ε, �)-topology ofSis metrizable.We shall prove
thatf is an uniformly continuous mapping. Let

N(ε, �) = {(u, v)|(u, v) ∈ S × S, Fu,v(ε) > 1− �},
whereε > 0, � ∈ (0,1). The familyN = {N(ε, �)} ε>0

�∈(0,1)
defines the(ε, �)-uniformity of S. It suffices

to prove that for every� > 0 and� ∈ (0,1) there existsε > 0 and	 ∈ (0,1) such that
(∀(x, y) ∈ S × S) (x, y) ∈ N(ε, 	) → (f x, fy) ∈ N(�, �). (16)
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Let � > 0 and� ∈ (0,1) be given. Since limn→∞ �(n)(t) = 0, for everyt > 0, there existsε > 0 such
that�(ε) < �. ThenFfx,fy(�)�Ffx,fy(�(ε))�Fx,y(ε) andFx,y(ε) > 1− � implies thatFfx,fy(�) >
1− �. Hence (16) holds for	 = �.
Let xn+1 = f xn, for everyn ∈ N ∪ {0}. We shall prove that(xn)n∈N is a Cauchy sequence, i.e., that

for everyε > 0 and� ∈ (0,1) there existsn0(ε, �) ∈ N such that

Fxn+m,xn(ε) > 1− � for everyn�n0(ε, �) and everym ∈ N. (17)

Let ε > 0 and� ∈ (0,1) be given. Since� ∈ M there exists an iterative root� : R+ → R+ of the
mapping�. By Lemma9,

∑
n �(n)(t) < ∞ for every t > 0. Let t be a fixed number fromR+. Since∑

n �(n)(t) < ∞, there existsn1(ε) ∈ N such that
∑
i�n1(ε) �

(i)(t) < ε. Hence, for everyn�n1(ε) and
everym ∈ N

Fxn+m,xn(ε) � Fxn+m,xn


 ∑
i�n1(ε)

�(i)(t)




� Fxn+m,xn

(
n+m−1∑
i=n

�(i)(t)

)

� T (T (. . . T︸ ︷︷ ︸
(m−1)-times

(Fxn,xn+1(�
(n)(t)), Fxn+1,xn+2(�

(n+1)(t))),

. . . , Fxn+m−1,xn+m(�
(n+m−1)(t)))

� T (T (. . . T︸ ︷︷ ︸
(m−1)-times

(Fx0,f x0(�
−(n)(�(n)(t))), Fx0,f x0(�−(n+1)(�(n+1)(t))),

. . . , Fx0,f x0(�
−(n+m−1)(�(n+m−1)(t))))

= T (T (. . . T︸ ︷︷ ︸
(m−1)-times

(Fx0,f x0(�
−(n)(t)), Fx0,f x0(�−(n+1)(t))),

. . . , Fx0,f x0(�
−(n+m−1)(t)))

�
∞
T
i=n

Fx0,f x0(�
−(i)(t)).

Applying Lemma 10 forH(t) = Fx0,f x0(t), since (15) holds, we have that

lim
n→∞

∞
T
i=n

Fx0,f x0(�
−(i)(t)) = 1.

Let n2(�) ∈ N be such that for everyn�n2(�)
∞
T
i=n

Fx0,f x0(�
−(i)(t)) > 1− �.

Then (17) holds forn0(ε, �) = max{n1(ε), n2(�)}. The spaceS is complete and there existsx =
limn→∞ xn = limn→∞ f nx0. Sincef is continuous,x is a fixed point of the mappingf . Suppose that
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y ∈ S, y = fy. Then for everyε > 0

Fx,y(ε) = Ffx,fy(ε)�Fx,y(�−1(ε))� · · · �Fx,y(�−(n)(ε))

and so from (4) it follows that

Fx,y(ε) = 1 for everyε > 0.

This implies thatx = y. �

The family(T SW
� )�∈(−1,∞] of Sugeno–Webert-norms, see[5,10], which containsTL, is given by

T SW
� (x, y) =



TP(x, y) if � = ∞,

max

(
0,
x + y − 1+ �xy

1+ �

)
otherwise.

(18)

Corollary 12. Let(S,F, T )beacompleteMengerspaceand thereexistsat-normT1 ∈ ⋃�∈(−1,∞){T SW
� }

such thatT �T1. Let� ∈ M andf : S → S be a�-probabilistic contraction. If
∑
n 1/�

−(n)(t) < ∞,
for everyt > 0 and for somex0 ∈ S

sup
s>0

s(1− Fx0,f x0(s)) < ∞,

then there exists a unique fixed pointx of the mapping f andx = limn→∞ f nx0.

Proof. LetM > 0 be such that

s(1− Fx0,f x0(s))�M for every s > 0,

i.e.,

Fx0,f x0(s) > 1− M

s
for everys > 0.

Let s0 > 0 be such that 1−M/s0 > 0. Then for everys�s0, Fx0,f x0(s) > 1−M/s > 0. Let t > 0. If
n0(t) ∈ N is such that

�−(n)(t)�s0 for n�n0(t),

then for everyn�n0(t)

Fx0,f x0(�
−(n)(t)) > 1− M

�−(n)(t)
> 0.

SinceT1 ∈ ⋃�∈(−1,∞){T SW
� } we have by[5] the equivalence

∑
n

M

�−(n)(t)
< ∞ ⇐⇒ lim

n→∞
∞
(T1)
i=n

(
1− M

�−(i)(t)

)
= 1.
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Hence

lim
n→∞

∞
T
i=n

(
1− M

�−(i)(t)

)
� lim
n→∞

∞
(T1)
i=n

(
1− M

�−(i)(t)

)
= 1

and so

lim
n→∞

∞
T
i=n

Fx0,f x0(�
−(i)(t))� lim

n→∞
∞
T
i=n

(
1− M

�−(i)(t)

)
= 1.

Hence, the relation (15) holds and we obtain the conclusion by Theorem 11.�

Now, by using Corollary 12, we can prove the following random fixed point theorem.

Theorem 13. Let (�,�, P ) be a probability measure space, (M, d) a complete separable metric space
andf : � ×M → M a continuous random operator.

Suppose that there exists a mapping� ∈ M such that
∑
n 1/�

−(n)(t) < ∞ for everyt > 0 and the
following conditions hold:
(a) For everyX̂, Ŷ ∈ S and everyε > 0

P({�|� ∈ �, d(f (�, X(�)), f (�, Y (�))) < �(ε)})
�P({�|� ∈ �, d(X(�), Y (�)) < ε})

for someq ∈ (0,1).
(b) There existsX̂0 ∈ S such that

sup
u>0

u P ({�|� ∈ �, d(X0(�), f (�, X0(�)))�u}) < ∞.

Then there exists a measurable mappingX : � → M such thatX(�) = f (�, X(�)) a.e.

Proof. Themappingf̂ : S → S,definedby(f̂ X̂)(�) = f (�, X(�)) (� ∈ �) satisfiesall the conditions
of Corollary12 forT = TL. �

Remark 14. Condition (b) in Theorem13 is satisfied ifE(d(X0(�), f (�, X0(�))) < ∞ since

P({� | � ∈ �, d(X0(�), f (�, X0(�)))�u})�E(d(X0(�), f (�, X0(�)))

u
, u > 0,

holds.
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[5] O. Hadžić, E. Pap, Fixed Point Theory in Probabilistic Metric Spaces, Kluwer Academic Publishers, Dordrecht, 2001.
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